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¢.g. if f£(x) is differentinble at x= Tr.

is a complex constant

We shall now consider the expansion

o0
f(x) = I A, (sin nx +(yco.€3 nx) Q«x ¢« T, O =]
/l
where Y 1s complex,
We put
—~ ] 1+ 1 ]
\/ 'tf' - . o= lﬂ 5 6"(2
) = ‘ ) T-yT°
1nd we shall consider the strip -3 £Re u &3
I'ne right-hand half-planc of ) corresponds to O «Re m < 3.
The unit-circle lglmﬂ with the exception of &fm +1 corresponds tTO
REE/Mm ....t";*_”

The imaginary axis ofgfwith | Tm *’(bvﬂ corresponds to Re 4« “.i”%'
The imagilnary axis of ywith |Im 4| < 1 corresponds to Re 4 = O.

The results obtained in the preceding sections for X’Peal and
posltive may be extended easlly to the casc of complex J/' Since & (w)
ffrom 3-15 is an analytic function of" s« the principle of analytic contin-




vatlion may be applied throughout,

We shall now consider the main result, the asymptotic estimation
Of a (or bn) from formula 5-2, The coefficients A and B are given by
3-13 and 3-21, The expression for B is valid for the entire region
| Re 4 |45 whereas the expression for A 1s only valid for CJL'Refié;%.
However, an analytic continuation may easily be obtained.,
We have for |Re w45

!
o S 1ot (p(6)= ©(1) P (1)
A= T oar Cﬁ+t) t -1 At +'Sin/4W” ?
-
]
R — _1 ( (/]--JL)/U' @(t)wﬁp(-ﬂ) dt - LP(-/I
- T+ T+ sin «m
2
or i
A= o) (b dx) [ £(x)-£(m)} ax + et 63
O
' )
no | L= =24 (. _ 10 S
B :?S‘(tggx, {f%x)mfba)%cbc ST 6-4
C

for simpllicity the following conclusionswill be founded upon the as-
cumdicion that £(x) is differentiable in 0 < x < I,

9

3 O < E?@ y n ‘{«. ':1"?"'

o ~

L

The Teading Serm of the asymptotic expanslon of a ., is proportional
I I ™y | | | | i ) )
to A 7 'TE4 oo that the following conclusion may be drawn:

»

The trigonoretrical expansion 6-1 is possible and

Foml romerl

11ORe u
CQ' (ﬂ +2Re )

g ‘
. o 2
The condizion i \,,ah_]\ (oo or 2 n \an\ < Q0 reguires A= 0 oOr
L

T
=D U ]

g (tg 5% ) ‘%{E(X) dx = 0O, 65

o

] (:; -E] - rr i' ﬁi r A 4 mon " ! . 1 e f,.u.—-uh_
. . e g e SR - ; w i v i ; -
I’i] 'n w”h M-L . f - e } 1 ;'J " «d-- 1 {.::i J &‘!-m“‘

b -5 {RPe M O,

This case may be reduced to the previous one by means of the sub-
stitution x — ™-X, 1 — -« . The condition 6-5 becomes

.

.”
f (te é*'zc)”/'“z/”’ f(x) dx = O. 6 -6
O
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c  Re u =0,

iy

In this case corresponding to a pure imaginary y with L kﬂ the

o -
#»

Lleading term of the asymptotic expansion contains both An ol and Bn

The expansion 6-1 is possible and

The condition Ef\an\<ic%>or .Z'n(an|2<:oorequires both A=0 and
B=0, thus from 6-3 and (-4

d
i

(tg x) ~" 5 P(x)-f(r)t + =)l - o,

’]
Tl
fnm-r"‘

}i

L "'"/l ‘2/“{1‘( )“lfﬁ(O)]( - __:E;.(_Q__)__:ﬂ 9

Sln/u’n"

|
fe

Thus, 1f and only if the two conditions 6-7 are satisfied we have

S w”x&l(nwg) .

1§

If in 6-1 we take f(x) = sin nx +y cos nx one of the conditlons
H-5, 6-6, 6-7 should be satisfied and thus another proof is obtained
'or the following relation of orthogonality.

S (tg %X)q“aW‘ (sin nx + %/cos nx) dx=0, n>1, Re m> Q, 6-8
{ '

g (tgwﬁx)“qmaf&(sin nx y cos nx) dx=0, n >1, Rewm <0; 6-9

9
-
(teg %X)qﬂzﬁL%hSin(nx+%¢W) uln(n;c+ ﬁWﬂ§ = (= f})ﬂ'"""/i T,
n 2 1, Reau =0 6-10

O
- 17 : : .

S (tg +x) | /A{ sin(nx+um ) - gln/cmr}dx = 7,
O n =21, Reaxw=0
d Re it =5 .

In this case, and only here, a convergent expansion 6-1 is not
nosslble unless A=0,

If A0 we have o

1

1

Kﬁ(ﬂ) and 1lim ., does not exist.

n —> co

1T A=0 we have anméﬁﬂnwi)u

However, in this case the relation of orthogonality ©6-8 remains true,

Taking .up the general case O<Re m {5 we consider an expansion
which also includes a constant term
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al
r)

(sin nx + Y, cos nx ) 6 =111
Lf a convergent expanslon 6-1 without constant term exists The convers-
gency may be improved by adding an appropriate constant. Ii‘aé,is
chosen in such a way that for the function f(x)maé the condition 6-5
18 fulfilled we have

o ~1=2Reu
al = A sinux al = (' (n /")

AN EBT'] = a_ + (-—-’l)n COS T @n(B/LL) A

4

If Re u=5 the expansion 6-1 is divergent but 6-11 converges.

: : .a @ .;, -~
[T Re u=0 nothing is gained since both A and aﬁ are (9wﬁi ) .«

-~

@7’ Kﬁ is variable

We consider the general problem of the followlng expansilion
<O

f(x) = J_ an(sin Nnx + a/n cos nx), O <4X &5, 7=
d | ‘

where f(x) satisfies a HBlder condition in the interval 0O £x ¢ 7w, and

where ;Yn 18 a function of n of the following type

| e _
{yn = K’+ ros r. o= é%(n ) Re‘y > O, [~

1L we introduce the auxiliary functions

o2
s(x) = 5. a_ sin nx 7 -3
y g
L2
c(x) = QT U ¥p €08 DX 7 -4
we have
f(}{) — E;(X) '+" C(X)ﬁ 7.....5
and for a_ we have
fx Ty
T ’ d
5 3, = j s(x) sin nx dx = ?n Jc(x) COS nxX dx., T-6
O O
Thus, for all n>1 we have the relations
iy ™
X% & s(x) sin nx dx - S‘ c(x) cos nx dx = O. 77
O

O
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The Infinite number of relations (-7 can be shown to be equivalent to
2 single integral equation of the Cauchy type. We need a few lemmas.

N
) S sin (N+5)t
lemma 7--1 5 + L. cos nt = ,
’ 2 sin 3
N
) sin nt =

N
Proof  Take real and lmaginary part of 2 e .
I

s

int

¥ i ™

3¢

N W(p(x)m% Jlﬁ(t)dt , 1f Qax «ir |
lemma 7-2 1im glp (t) 2 cos n(t-x)dt m) - O
N - QO
O | -3 Jtp(t) dt , 1f -m¢ex 20,
O
Ppoof from Riemann's theorem for a Fourler series,
lemma 7-3  1im j p (t)2_ sin n(t-x) dt = % j£ cotg z(t-x) @ (t) dt,
N = oo ’
O O

where jé represents a Cauchy integral 1 O 44X <« 1T,

Proof, If -7 <« xXx £ 0 the relation follows from Riemann's theorem. The

Cauchy integral reduces in this case to a Rliemann integral.

Koo b W
I Od¢x ¢ 7 consider 1im j + J
N~ 0 L€

If the relations 7-7 are multiplied either by sin nx or cos nx then sum-
mation yields an integral equation,
Taking the sine multiplication first we obtain from 7-7

T N
s(t) 2 cos n(t-x) - cos n(t+x) t dt +
g () Z yai !
w N
+ J c(t) 2 J sin n(t-x) - sin m(t-{—x)% dt = 0.
P
O

For N-w we find by means of lemma 7-2 and 7-3

= 0 , 7"“8
where o0
K,(t,x) = 2 }/_]_ r_ sin nt sin nx . =9
If the cosine multiplication is taken we obtain in a simllar way

1
- .% j Kg(t,x) s(t) dt = O, 7=10
O
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Since K, (x) 1is o0dd this expression mn

i

The integral eq equlvalent sincc

the condition

Sing the absence of o constant term in
derivation of 7-10 but not in that of
sely 7-13 follows from

term vanishes in view
w

COS8 nNX dx = O for each n >1,

Mgty i "o
A
uwa? i W

b}

means of the fformuls
-10 can be shown to

che condition 713

1s applied

owtained upon which formuls
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0 0 7-4

The dominant equation of 7-14 is

T

sin t s, (t) dt
%&X) S cos ©t - cos x r(x). =15
O
1 we put
U = - CO08 X |,
Si(}{)"# LP(U‘) 3
ﬁ(x)z \1'/<U) 3
7-15 passes into
g
(€ 716
LF(U) +£ J : t)u - %(u)
]

Lf 4)(w) represents the Cauchy integral of ﬁa(u)

,]
P (w) =

r |

,1

7-16 may be brought in the form

T+ )P - (- )T =y

This problem is very similar to that consildered in sectlion 2 and tThe
solution of 7-16 may be written down immediately (cf formula 3-15)

/]
, WM ] T-t\ A Y () N
Cb(W) — COS/MH m) m S (—’ﬁ——f) e dt, (=17
A
In fact, we have from Plemelj's formulae 2-2, 2-3 1
& ~- i 14U L T-u M - 1 1=t £ g
d (u) = e/ COS AT (m:ﬁ-)/({% (m) Yy(u) + 5=7 J'f ("IT’E) %@a.l dt t ,
-7
/’l
-~ i 1+u o deuM g 1-t %*’V
$7(u) = X cos o (HEYL (2N Y (w) oy F (50T it atd,
' -

30 that, again from 2-2, ¢ (u) becomes

d
.-‘.‘ ey T M ' - r t
g (u) = cos®umr (u) - SRL 24T (T4, jﬁ by YE e, 7-18
~
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T

5(x) = cosPan £(x) + 230 24T (tg.%x)aﬂ{( L )24 sin t £(t) d

2 cOosS T - cos:x
O 7-19

Lr X 18 constant the {function Kg(t x) vanishes and 7-19 represents
the unique solution of the integral equation T7-+10 1)' It J/n is variable

f(x) in 7-19 may be replaced by
e

f(x) - %;fﬁ Kg(tﬂx) s(t) dt ,
9

"nd the following integral equation of the Fredholm type 1s obtained

}
P(x) = 6(x) - S284T | k(e,x) F(t) at , 720
whereo
F(x) = (1 + cos x)/i s(x), =21

G(x) = cosgﬂﬁr (1 + cos x)* f£(x) +

T
sin 247 1+cos ty4 sin € £(€) dt
i Qﬁf{ (1-cos X’#%; 1=C0OS t) COS - c%s X 7
0 7-22
QO
K(t,x) = (1+cos t)™ (1-cos x)* I_r_ sin nt k_(x), 7-23
]

14+co08 x M
( —)

kp(x) = 2 cos T (q55%

COS nNX -+

, 2 sinur L tcos u)*‘ sin u cos nu du - 5
1 T 1-cos u COS U = CO8 X

We shall use the following lemmas.

lemma 7*4 A " 2 ;\:2
1 + 2 i A cos X = @ ————————— 7~25
’ 1-2 A cos x + A7 |
o . I Asin x
/N7 8in nx = ——~—-£———~—:—~—~—§ . 7*?(
{ 1-2AC08 X + A
Proof
- = Caxy 1x, 7]
Take real and imaginary part of <4- (ANe ™) = (1-Xe ") :
O
lemma 7-5
it 18 _| <1, 0 <« o <1, we have

Wi NG g QNN PR R WIS gkl AR SR Sl AN B
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5 T owe may usge formula 7-32 to get a better estimate near
x= T , In sectilon 4 we have derived the estimate en(gﬂ.mﬂym(?ﬂnmau).

H
4
] .~
I
S
I

Thus we have also

M~ N
x)| & =t n TEHM Dex e 731

\ kn( ol =X

We shall, however, be satisfied with the estimate

' "'2 s
()| & —— 0T, 0exed 7-35
(Siﬂ #X)”‘

for, using this, we find from lemma 7-5

\GQ \ sin t)g
Voor, sin nt k (x)| & C HJQmemmwmm
PR ’ (sin $x)=*
and finally form K(t,x)
| K(t,x)| %« Cff'ﬁinaﬂVﬁt. 7-36

Thus we have obtained the important regult that the kernel K(t,x) 1is

uniformly bounded in the sguare O < t,Xx £ T .

§8 The orthogonal {unction
We shall again consider the expansion

- &
f{x) = 7_ an(sim nxX + ), COS Nx ) , 3~
“

where

(h = X + r 5 RG(XE*O 5 r o= 57(1§) .

The expansion

L)
< K

(- a (sin nx + 11m-CO$ Nnx ) 3=2
1 .

rl

f{x) =

will be called the adjoint expansion. In particular we shall consider

the adjoint expansion of unity
& . ,} "4 8
1 = ¢ h_(sin nx + — cos nx) . -3
1B I

" The problem of determining the coefficients hn of 8-3 has been consider-
ed in the previous section. If now we introduce the function

- o0 o0 N
h(x) =2 h_ sin nx = 1 -t — cos nx , 04<4xeT® S
g 1 i



f"‘”’“%jg |

g h(x) cos nx dx = m-i
O

From this

which shows that the function hf
to all sin

ra

Ing condition will be obtained

-
f h(x) £(x) dx = 0. 3-8
O

Bk

similar way a2s in the previous section h(

Py , w1y ] ) o o | ) _
Ly 2 singular integral equation. We may either start from

2 Ly
the theory of the previous scction or we may choose
gument, We prefer the lotter anc

2 i : 'E.J
o e AR ‘_1:‘ -
o o ¥4 L
. 3 L |‘ , _. ‘-1.. A
""‘! % l‘l-' - :r_ ; . .|. \ r;..‘

i

-

we start {from

T N

lim |} h(t) Z (cos
N — o9 g

Without

a gy i

difficulty we obtain

M.b:;"m

)

%f%% 4"y %i% m

Nt Cco8 nx, @mﬁﬁ

in the same
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Finally we have 28 in the previous sco

i

1T we put

S e
H (x) = (1-cos x)<°

1

L{t,x) = (1-cos x)<™

.
H(

bounded

vroblem
' , & bbb |

nis section we shall consider a poten
the expansion of a given

f(x) = ) = n( sin nx +
- _
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and the following boundary conditions

# o, i . ” B ) R B
are gilven functions,
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ZM wﬂ cCOos nNx o,
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=3
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only the conditlon 9-5 has to be considered.

e

% wl
BRI S
T

cos m(x-£) cos né,

9=

f{x) =3 nc_ (sin nx +

b

s exactly the representation 9-1,

lution of the potential problen

nsidered above may be

L

solution of the reprecsentation problem 9-1,
sections 1t has

that the representation

cgral equation,

.y 7 g _ o g, e e o o, ey oy w o ol ‘ . oy
gular integral eguation al be de

O Can
Green's theoren,
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Thim Means th t b th DF d bF b 5 ’“ ﬁ A ) el s

S meanes 3 O S an Yy ccome Inrinlte at Xx= W, For O £x <0,

however, they are bounded. In particular a2t x=T F '
Tf f£(x) satisfies the condition

Fooand F are uniformly bounded in the closed interval (0,%). If R(x)i O
and if ro= @(12) similar conclusilons may be drawn.,

Let G(x,y,i,—r{) be a Green function in the region 0L x4, v5 0 and
let

e . 2%G
—x + 5 = U
dx°  oy©
X = 0,77 G = O
y —> 09 G —= O
2 2 1 - 2 2
(x-&) +(B’*‘2) —> 0 G p— A1 \/(x--é,) + (y-n)
then applying Green's theorem on the region considered above one easily
cptains o~ ‘
g1
F(Z’-"Tl) = g G(x,0,¢, ‘7) “'""'"1"(?{.9 ) dx - J{QG(X:O:S:Q)}F(X:O)C]K 9-9
O 0

Taking . =0 an integral equation is obtained between the partial deri-
vatives of F at zero for which also the relation 9-5 exists.
Let Go(x,y, &,Y)) represent the standard Green function of the [full

strip O <x¢m . Obviously wc have

G (5,9, 80m) = g2 Re § 1n sin (=B 4(y=m) _ 1p g1n Lrh)ei(=n
9-10

Cimplification rnay be expected if in 9-9 the following Green functions

“re chosen

G/l - Go(x-’y’&fh) - GO(X:y_?i»J“‘YZ) Q=1

G?.;. = GO(Kﬂyﬁayﬂ) u GO(XJyﬁas“\’)) 9-12

‘ 3G,
30 that at y=0 G,.lmo and Sy S 0.

WJc note the following expressions

2 K= i 2 Y=
t i sin. +sh 5
Go(x,y,é\_,vz) = 4P X+ E y+n

Slﬂ T + sh -—éf"-

P .
EWVS% O(x 0, i 0) = mmméiﬁwmmmm
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9-0Q we substitutc Gw the irst
After a differentiation with

bt o

a

e

4

O
g_‘ﬁ

at

t-cos X

@,_
P

18 clearly eguivalent

obtain at once

by mecans of 9-H another singul:

£ ﬁy'“”
2
J‘ B . g Il pale %: j’“ % ‘?‘ | .
gquatlion 1is obte

s

ich turng out

3
be equivalent
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the problem considered above is eguivalent to 2an
integral equation with bounded
1
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